All-Versus-Nothing Violation of Local Realism for Two Entangled Photons 
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It is shown that the Greenberger-Horne-Zeilinger theorem can be generalized to the case with only 
two entangled partides. The reasoning makes use of two photons which are maximally entangled 
both in polarization and in spatial degrees of freedom. In contrast to Cabello's argument of "all 
versus nothing" nonlocality with four photons [Phys. Rev. Lett. 87, 010403 (2001)], our proposal to 
test the theorem can be implemented with linear òptics and thus is well within the reach of current 
experimental technology. 
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PACS numbers: 03.65.Ud, 03.65.Ta, 03.67.-a, 42.50.-p 

Bell's theorem which is derived from Einstein, 
Podolsky, and Rosen's (EPR's) notion of local realism 
0, represents the most radical departure of quantum 
mechanics (QM) from one's classical intuitions. On the 
one hand, Bell's inequalities (BI) state that certain sta- 
tistical correlations predicted by QM for measurements 
on two-particle ensembles cannot be understood within 
a realistic picture based on local properties of each in- 
dividual particle. On the other hand, an unstatisfactory 
feature in the derivation of BI is that such a local realistic 
and thus classical picture can explain perfect correlations 
and is only in confhct with statistical prediction of the 
theory. 

Strikingly, "Bell's theorem without inequalities" has 
been demonstrated for multiparticle Greenberger-Horne- 
Zeilinger (GHZ) states |3|,U, |5( , where the contradiction 
between QM and local realistic theories arises even for 
definite predictions. The quantum nonlocality can thus, 
in principio, be manifest in a single run of a certain mea- 
surement. This is known as the "all versus nothing" 
proof of Bell's theorem. In addition, the GHZ contra- 
diction applies for all (100%) multiparticle systems that 
are in the same GHZ state. In the sense that it is for 
definite predictions and for all systems the GHZ theo- 
rem represents the strongest confhct between QM and 
local realism. However, the GHZ reasoning requires at 
least three partides and, consequently, three space-like 
separated regions (observers). This can be seen as a sort 
of three-particle quantum nonlocality, which differs from 
the two-particle quantum nonlocality as implied in usual 
BI. 

Then Hardy's argument of "quantum nonlocality with- 
out inequalities" for nonmaximally entangled biparticle 
states |(j came as a surprise. Now it is known as "the 
best version of Bell's theorem" [j| for two-dimensional 
two-particle systems. However, compared to the GHZ 
case, in Hardy's proof only a fraction (< 9%) of the pho- 
ton pairs shows a contradiction with local realism. Most 
recently, another way to reveal sharper violations of lo- 
cal realism for two-particle entangled states in higher- 
dimensional Hilbert spaces was found 0, For the 
two-particle entangled states of high-dimensionality, the 



violation of local realism has more resistance to noise, 
but is still statistical. Motivated by Hardy and the high- 
dimensional versions of Bell's theorem, one may ask: Can 
the confhct between QM and local realism arise even for 
the definite predictions and for all (100%) of the photon 
pairs in the same entangled state? 

In this Letter we answer the question affirmatively by 
demonstrating an all-versus-nothing nonlocality for two 
photons which are maximally entangled both in polariza- 
tion and in spatial (path) degrees of freedom. Such a 
"double entanglement" plays a crucial role in our demon- 
stration. From a formal aspect, our demonstration is a 
further development of Cabello's (Tol IÏÏ1 ] elegant proof 
of quantum nonlocality without inequalities for two ob- 
servers who possess two pairs of maximally entangled 
qubits, i.e., four two-level partides. Lvovsky demon- 
strated that the nonlinear òptics at a single-photon level 
is required for a demonstration of Cabello's quantum 
nonlocality without implicit assumption of noncontextu- 
ality [l2j . Unfortunately, such an experimental test of 
Cabello's quantum nonlocality is beyond the present level 
of quantum optical technology. By contrast, the experi- 
ment proposed here has two advantanges over Cabello's 
proposal. First, the observers need to possess only one 
pair of entangled photons at a time and, second, it can 
readily be done as it needs only linear òptics elements. 

Currently, the most widely used reliable source 
of polarization-entangled photons is parametric down- 
conversion in a nonlinear optical crystal [lflj . Here we 
need two-photon states that are maximally entangled 
both in polarization and in p ath degrees of freedom. Fig- 
ure 1 shows the setup [ÏJ, for generating pairs of 
polarization and path entangled photons. A pump pulse 
passing through the crystal can create, with a small prob- 
ability, entangled pairs of photons in the spatial (path) 
modes d\ and 1*2- For definiteness, we assume that the 
entangled photon pairs are in the polarization-entangled 
state |*") 12 = ^{\H) Í \V) 2 ~ \V) X \H) 2 ), where \H) 
(\V)) stands for photons with horizontal (vertical) polar- 
ization. Now if the pump is reflected through the crystal 
a second time, then there is another possibility for pro- 
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FIG. 1: Setup for generating pairs of photons entangled both 
in polarization and path. 



ducing entangled pairs of photons into the path modes 
u\ and d 2 that are opposite to the first modes d\ and U2- 
The two possible ways of producing the entangled pho- 
ton pairs may interfere [14|. By properly adjusting the 
distance between the mirror and the crystal, the setup in 
Fig. 1 generates the doubly entangled two-photon state 



l*>12 = 2 (|7Ï>1 " lV)l ^XHl M>2 ~ M)l l«> 2 ). 

(1) 

which is just the desired state entangled maximally both 
in polarization and in path. Here photon-1 and photon-2 
are, respectively, possessed by two observers, Alice and 
Bob, who are space-like separated; \u) and \d) denote 
two orthonormal path states of photons. With emphasis, 
we note that the state Q indeed corresponds to the case 
where there is one and only one pair production after the 
pump pulse passes through the BBO crystal twice. 

One can define the following Pauli-type operators for 
both the polarization and the path degrees of freedom: 

a x = \H){V\ + \V){H\, a z = \H)(H\-\V)(V\; 
a' x = \u)(d\ + \d)(u\, a' z = \u)(u\-\d)(d\. (2) 

For convenience and clarity, in the following we denote 
Zi = a zl , Xi = <r xl , z'i = <r' zl , x' t = a' xl (i = 1,2) and, usc 
(■) to separate operators or operator produets that can 
be identified as EPR's local "elements of reality" . Then 
one can easily check the following eigenequations 
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X\x\ ■ X 2 ■ X 2 


l*>ia = l*> 12 
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Z\ ■ x\ • Z2X 2 


l^) 12 = 1^)12 , 
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X\ ■ z[ ■ X 2 Z 2 


l*>12 = l*>12> 




(8) 



Ziz[ ■ X\x\ ■ Z 2 x' 2 ■ X 2 Z 2 \^)i2 



(9) 



Equations I©-© contain only local operators, i.e., (z\, 
z[, x\, x[, ziz[, x\x' x , Z\ ■ x[, X\ • z[, and Z\z' x • X\x'^) for 
Alice and (z 2 , z' 2 , x 2 , x 2 , z 2 ■ z 2 , x 2 ■ x' 2 , z 2 x' 2 , x 2 z' 2 , and 
z 2 x' 2 ■ x 2 z' 2 ) for Bob. In particular, Eqs. J2Jl·l|Hl allow 
Alice (Bob) to assign vàlues with certainty to Bob's local 
operators z 2 , z' 2 , x 2 , x' 2l Z2x' 2 , and X2z' 2 (Alice's local 



operators z\, z[, x±, x[, Ziz[, and x\x' x ) by measuring 
her local observables (his local observables) without in 
any way disturbing Bob's (Alice's) photon. It is the idea 
of EPR's criterion of elements of reality to establish a 
local realistic interpretation of the quantum-mechanical 
results ©-© by assuming that the individual value of 
any operator (zi, z[, x\, x[, Ziz[, and Xix[) at Alice's 
side and (z 2 , z 2 , x 2 , x 2 , z 2 x' 2 , and x 2 z' 2 ) at Bob's side is 
predetermined. These predetermined vàlues are denoted 
by v (zí), v (z-), v (xí), v (x-), v(z 1 z[), v(x 1 x{), v (z 2 x' 2 ), 
and v (x 2 z' 2 ) with v — ±1. To be consistent with Eqs. 
Q-(|ÜJ), local realistic theories thus predict 

v(zi)v(z 2 ) = -1, v(z[)v(z 2 ) = -1, (10) 

v(xi)v(x 2 ) = -1, v(x[)v(x 2 ) = -1, (11) 

v {ziz[) v (z 2 ) v (z' 2 ) = 1, v (xix[)v (x 2 ) v (x 2 ) = 1, 

(12) 

v (zi) v (x[)v (z 2 x 2 ) = 1, v (x-i) v (z[) V (X2 Z ' 2 ) = 1, 

(13) 



v (ziz[) v (xix[) V ( Z 2X' 2 ) v (x 2 z' 2/ 



-1. 



(14) 



But in fact, Eqs. l(TD jl -l(T3 jl are mutually in- 
consistent: Multiplying Eqs. (|lü|) - (|13|l . one gets 
v (ziz'í) v (xiXi) v (2:2X2) v (x2z' 2 ) = 1 due to the fact that 
v 2 (zí) = v 2 (z'j) = v 2 (xí) = v 2 (x'i) — 1, and this is then 
in conflict with Eq. (|14fl . Thus, the quantum-mechanical 
predictions ©-© are incompatible with the ones im- 
posed by local realistic theories. The contradiction be- 
tween QM and local realism oceurs for defmite predic- 
tions and for all (100%) of the photon pairs. This com- 
pletes the demonstration of an all-versus-nothing nonlo- 
cality for our two-photon case. 

An important point deserves further comment. It is 
well known that the original GHZ argument needs at 
least three spatially separated partides in order to es- 
tablish the properties used in the argument as EPR's el- 
ements of reality. Therefore the question arises whether 
it is also possible to achieve the same in a two-particle sit- 
uation as suggested in this paper. We are able to achieve 
this goal for two reasons: First, the number of variables 
used in the argument is enlarged compared to the original 
GHZ argument. Second, and most importantly, the nine 
variables can be arranged in three groups of three each, 
where the three variables of each group are measured by 
one and the same apparatus when establishing them as 
ERP's elements of reality, as we will show below. This 
climinates the necessity of an argument based on coun- 
terfactuality as it is not necessary to assume any of these 
variables to be independent of experimental context. 

Actually, the above argument can be understood from 
another perspective. By defming \H) \u) = |0), \H) \d) = 
|1), \V) \u) = |2) and \V) \d) = |3), |*) 12 can be rewrit- 
ten as |*) 12 = |(|0> a |3> 2 - |2) a - \2) } \l) 2 + \Z)i |0) 2 ), 
which is, in fact, a two-particle maximally- entangled 
state in a four-dimensional Hilbert space. This then im- 
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plies that the GHZ-type argument has been indeed gen- 
eralized to the case with only two entangled four-level 
partides. In contrast to the original GHZ proposal, our 
scheme requires only two space-like separated regions. 

In a real experiment, the perfect correlations and ideal 
measurement devices are practically impossible. To face 
tiris difficulty, a Bell-Mermin incquality for \^) 12 is desir- 
able. Similarly to Ref. one can introduce the opera- 

tor O — —Zi-Z2 — z' 1 -Z2—Xi-X2~x' 1 -x'2+Ziz[-Z2-z' 2 +XiX l 1 - 
X2 ■ X 2 +Zi ■ x[ ■ Z2X2+X1 ■ z[ ■ X2Z 2 — Z\z' x - X\x'i • Z2X2 -X2Z 2 - 

It can be directly seen from Eqs. I©-© that O satisfies 



0|*) 12 =9|*) 12 



(15) 



However, following Ref. [ll| local realistic theories pre- 
dict the observed vàlues of O 



(O) 



LRT 



<7, 



(16) 



which is in contradiction with the quantum mechanical 
prediction (|15(l . For observing the violation of the in- 
cquality Ijl6|l . one needs the doubly- entangled state with 
a visibility better than 7/9 w 77.8%. Here, we would like 
to mention that BI for "qudits" have more resistance to 
noise and the required visibility can be reduced to about 
69% for four-dimensional systems 0, . 

Though the above argument is formally similar to the 
reasoning of Cabello's theorem [1(1 lïH]. at this stage the 
advantages of our scheme are already manifest. Our ar- 
gument works for two entangled photons, whose path and 
polarization degrees of freedom are used. Experimen- 
tally, manipulating a single pair of entangled photons is 
much easier than manipulating two pairs. These features 
are essential for an experimental test of the GHZ-type 
theorem proposed here. 

We now further discuss the noncontextuality issue to 
validate our all-versus-nothing quantum nonlocality ar- 
gument. In the argument the same operators may ap- 
pear in different equations (Sj-IJÜJ. For examplc, ziz[ 
and X\x' x not only appear separately in Eqs. (J5J and JBJ, 
but also appear jointly in Eq. JÜJ). In order for the argu- 
ment to hold, it is, however, necessary to assign always 
a single value to the same operator, though it can ap- 
pear in different equations. Therefore, one either has to 
assume noncontexuality (e.g., measurement of z±z[ does 
not disturb the value of xix^ and vice versa) or one has 
to be able to measure ziz[, x\x' x and z\z[ ■ x\x\ with the 
same apparatuses. Lvovsky noticed that this would then 
require quantum controlled-NOT (CNOT) operation to 
apply on all (100%) photon pairs to demonstrate Ca- 
bello's quantum nonlocality in the original proposal with 
two photon pairs. Unfortunately, this requires nonlinear 
òptics. 

This CNOT operation is equivalent to ma king a com- 
plete Bell-state discrimination (see Refs. [l0lllllll3)> m 
which the Bell states are = ^(\H) \V) ± \V) \H)) 



and = (\H) \H) ± \V) \V)). It has been well 

known initially in the context of quantum teleportation 
[Ï6l [TtI lÜj that such a full Bell-state measurement is im- 
possible with only linear òptics and necessitates nonlinear 
optical interactions at a single-photon level 0] , which is 
very challenging experimentally. Thus, an experimental 
test of Cabello's nonlocality cannot be achieved by exist- 
ing technology [ï^ . 

However, within our two-photon proposal, the above 
problem does not exist since quantum CNOT operations 
can be easily implemented between two different degrees 
of freedom of single photons. Actually, measuring Z\ z[ ■ 
x\x\ in the present scheme is equivalent to performing 
a complete Bell-state measurement, with the four Bell 
states 



1^) 



V2 



(\H)\d)±\V)\u)), 



1 



<>±) = ^=(\H)\u)±\V)\d)), 



(17) 



instead of | v I /± ) and | < í> ± ). The complete discrimination 
of the four Bell states in Eq. (|17f) has been realized in 
the "two-particle analog" of the quantum teleportation 
experiment performed in Rome 18]. Such a complete 
Bell-state discrimination can be accomplished with linear 
òptics and almost 100% efHciency. 

Thus the difficulty of measuring simultaneously ziz[, 
xix[ and has been eliminated by our two- 

photon proposal. We now consider the question of how 
to measure the quantities such as z\ , x[ and Z\ ■ x' x in our 
two-photon scheme. It is obvious that the measurements 
of z\, x\ and z\ ■ x[ have to be performed on the single 
photon possessed by Alice. Therefore, in order to avoid 
the noncontexuality assumption, one must design an ap- 
paratus such that it can give the measurement results of 
Z\, x'i and z\ ■ x\ simultaneously. 

Similar considerations would thus lead to the following 
six apparatuses (similar apparatuses have been proposed 
by Simón et al. [2l| in a different context), which are suf- 
ficient to solve the problem just mentioned. Apparatus-1 



measures z\, x\ and z\ 



apparatus-2 measures X2, 



x' 2 and X2 ■ x' 2 ', apparatus-3 measures z[, X\ and X\ ■ z[] 
apparatus-4 measures z 2 , z' 2 and z 2 - z' 2 ; apparatus-5 mea- 
sures Z\z'i, Xxx'i and ziz[ ■ xix[; apparatus-6 measures 
Z2x' 2 , X2Z2 and Z2X r 2 • X2z' 2 . Fortunately enough, each 
of these apparatuses measures different local observables 
and, more importantly, the six apparatuses can be real- 
ized without any mutual conflict. 

Figures 2 (a-d) show the first four apparatuses, which 
require only simple linear optical elements [e.g., the 
beam splitters (BS), polarizing beam splitters (PBS) 
and half wave plates (HWP) rotated at 45°] and single- 
photon detectors. Note that a PBS refleets V pho- 
tons and transmits H photons, and a BS (HWP) af- 
fects the following transformations: \u) — > (\u) + \d))/>/2 
and \d) -> (|«) - \d))/V2 (\H) -> (\H) + \V))/V2 and 
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FIG. 2: Six apparatuses for measuring z\, x[ and Z\ ■ x[ (a); 
X2, x' 2 and 2:2 ■ x' 2 (b); zj, ki and x\ ■ z[ (c); 22, z' 2 and 22 • 2 2 
(d); z\z[, xix'i and 212Í ■ x\X\ (e); 22X2, X22 2 and z 2 x 2 ■ x 2 z 2 
(f). By ±, we mean ±1. 



\V) — > (l-ff) — |V))/\/2). Let us consider, e.g., apparatus 
1. Since apparatus 1 measures 21 and a;^ simultaneously, 
it actually also gives the measurement result of Z\ ■ x[. 
Figures 2(e) and 2(f) show the last two apparatuses, each 
of which is made up of three of the first four appara- 
tuses. Figure 2(e) [2(f)] also shows that the information 
obtained in the first stage of the measurement about the 
vàlues of x\ and x[ {z% and x' 2 ) must be partially erased 
in such a way that only information about the product 
X\x'i {z2x' 2 ) is retained, to enable the measurement of 
z\ z'i (x2z' 2 ) at the last stage [13] ■ Apparatus 5 (appa- 
ratus 6) measures z\z[ and x\x'\ (z2x' 2 and X2Z 2 ) simul- 
tancously, and thus gives also the readout of z\z' x ■ xix[ 
(z 2 x 2 ■ X2z' 2 ). It is worthwhile to note that apparatus 
2(e) can be replaced with the apparatuses discriminating 
the four Bell states in Eq. I|17|l . For apparatus 2(f), the 
situation is similar. 

To summarize, we have demonstrated an all-versus- 
nothing nonlocality for two photons, which are maxi- 
mally entangled both in polarization and in path degrees 
of freedom. Since the required measurement of local op- 
erators can be implemented with linear òptics, our two- 
photon proposal is well within the reach of current quan- 
tum optical tcchnology. Note that, untill now, there is 
only one experiment 5] performed to test the GHZ nonlo- 
cality, a kind of all-versus-nothing nonlocality. In this re- 
spect, the feasible experimental scheme, as we suggested 
in this work, is highly desirable. 



Finally, it is interesting to point out that using a singlc 
photon as a two-qubit (polarization and path qubits) sys- 
tem may find important applications in other contexts, 
e.g., testing the Kochen-Specker theorem l20l with sin- 
gle partides l2ll [221 . quantum computing |23|, quantum 
crvptographv |24|7and entanglement purification . A 
recent study shows that the path-polarization entangled 
two-photon states Q can also be used to implement de- 
terministic and efficient quantum cryptography [25j |. 
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